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Abstract

In this paper, we mainly study the monomial-prime numbers, which are of the form pn*
for primes p and integers k£ > 2. First, we give an asymptotic estimate on the number
of numbers of a general form pf(n) for arithmetic functions f satisfying certain growth
conditions, which generalizes Bhat’s recent result on the Square-Prime Numbers. Then, we
prove three Mertens-type theorems related to numbers of a more general form, partially
extending the recent work of Qi-Hu, Popa and Tenenbaum on the Mertens sum evaluations.
At the end, we evaluate the average and variance of the number of distinct monomial-prime
factors of positive integers by applying our Mertens-type theorems.
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1. Introduction and statement of main results

The distribution of integers with certain constraints is a fundamental topic in analytic
number theory. Recently, Bhat [3] studied the numbers of the form pn?, which are named
Square-Prime (SP) Numbers, for integers n > 1 and primes p. He showed that the number
of SP Numbers up to x is asymptotic to (((2) — 1)z /logx, where ((s) = ", 1/n° (s > 1)

*Corresponding author
Email addresses: fenglin@mail .nankai.edu.cn (Lin Feng), lihuixi@nankai.edu.cn (Huixi Li),
wangbiao®@amss.ac.cn (Biao Wang)

Preprint submitted to Journal of Mathematical Analysis and Applications November 9, 2022



10

11

12

13

14

15

16

17

18

19

is the Riemann zeta function. In this paper, we study the numbers of a general form pf(n)
for certain primes p and arithmetic functions f : N — Rs;. If f(n) = n® is a monomial for
some positive real number s > 1, we call pn® a monomial-prime number of power s. Our

first result gives an asymptotic formula for the number of monomial-prime numbers.

Theorem 1.1. Let S be a set of primes satisfying the following asymptotic estimate

for some positive constants c, o, B, and 0 < v < 1. Let f : N — R>y be an increasing
positive sequence satisfying Zf(n)zx 1/f7(n) < 2% for some § > 0. Then as * — oo we

have
cx”

#{(p,n) : pf(n) < z,p € S} ~ (z fvtm) g

In particular, for any real number s > 1 we have

X

#{(p,n) : pn® < x,p prime} ~ ((s) - log

Remark 1. For s =1 in (1), Banescu and Popa proved in [4, Proposition 5(ii)| that

#{(p,n) : pn < x,p prime} ~ zloglogw.

Theorem 1.1 builds a connection between the density of sets of primes and the asymptotic
behavior on numbers of the form pf(n). We see that the asymptotic behavior of monomial-
prime numbers differs from that of prime numbers by the special value ((s) of the Riemann
zeta function as a factor. Several common examples of S will be given in section 2.1 in-
cluding primes in arithmetic progressions, in the Chebatorev density theorem, in the Beatty
sequences, in the Piatetski-Shapiro sequences, and with preassigned digits. If we take S to
be the set of all primes and f(n) = n?, then Bhat’s asymptotic formula on the number of SP
Numbers is recovered from Theorem 1.1 by the prime number theorem. Moreover, analogous
to the SP Numbers, we call pn® a Cube-Prime (CP) Number! for n > 1. Taking f(n) = n3,

we get the following asymptotic formula on the number of CP Numbers.

'Here we require n > 1 for CP Numbers to agree with the SP Numbers defined by Bhat. But n = 1 is

allowed for monomial-prime numbers defined in this paper.
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Corollary 1. The number of CP Numbers smaller than x is asymptotic to (((3) — 1)z /log x.

In [3, Theorem 6.1] Bhat also gave an asymptotic estimate on the number of SP Numbers
ending in 1. As another application of Theorem 1.1, we get the following asymptotic estimate

on the number of CP Numbers ending in 1 as well.

Corollary 2. The number of CP Numbers ending in 1 is asymptotic to

X 1 3 7 9
4000 log (C (3’ 1_0) +¢ (371—()) +¢ (3, E) +¢ <3, E) - 1000) : (2)

where ((s,t) => 02 1/(n+t)° is the Hurwitz zeta function.

n=0
Remark 2. The asymptotic estimates of CP Numbers ending in 3, 7, and 9 respectively are
the same as that ending in 1. Similarly, one can count the number of CP Numbers ending
in 2, 4, 5, 6, and 8 in the same way as the case ending in 1, but the asymptotic estimates
will be slightly different.

Next, we evaluate some sums and products of Mertens type for monomial-prime numbers.

Recall that Mertens’ theorems are three results related to the reciprocals of primes (e.g.,

see |17, Chapter I .1]), which are stated as follows:

1
g 8P _ logz + O(1) (Mertens’ first theorem), (3)
p<z

1 1
E — =loglogz + M + O <1 " ) (Mertens’ second theorem), — (4)

ogw
p<z
1 e’ 1 .

H (1 — —) = (1 +0 ( )) (Mertens’ third theorem), (5)
e P log log =

where M is the Mertens’ constant and v is the Euler’s constant.
Generalizations of Mertens’ theorems have been widely studied in many literatures. With
respect to the Mertens’ first theorem, Qi and Hu [16] evaluated the following sum

Z log®(p1 -+ pw)

P1- Pk

p1PpE<T

for positive integers k and s. By their result, for s = 1 there is a polynomial F'(X) of degree
k — 1 such that

1 N
Z w = F(loglogz)logz + O ((loglog z)") . ©)
Dk

P11 PR <T
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See Lemma 2.1 in Section 2.2 for the explicit description of F'(X). In particular, when k = 2,
one may take F'(X) = 2X + 2M — 2, see |5, Theorem 3.3] as well.
With respect to the Mertens’ second theorem, if we let

Siw) = Y —

P1-pR ST

‘D
where p; denotes a prime number, then Mertens’ second theorem evaluates Sy (z). In [13, 14],
Popa proved asymptotic estimates for Sy(z) and S3(x) respectively. In 2017, Tenenbaum |18,
19| showed the following asymptotic formula for general Si(x) using the Selberg-Delange
method: for £ > 1, we have
log1 k-1
Si(z) = Py (loglog z) + O <M> (x> 3), (7)
log x

where Pp(X) 1= 37 ;< \jxX7 and

vem X (5 e (D0 wsssw

0<m<k—j
Here M is the Mertens’ constant and ~ is the Euler’s constant as in Mertens’ third theorem,
['(x) is the Gamma function, and (1/I')™) is the m-th derivative of 1/T". We remark that
recently Qi and Hu [16] proved another formula for (7) and Bayless et al. [2] showed these
two formulas ere equivalent to each other.
Our second main result is the following theorem of Mertens type for the numbers of more
general form p; - - pgfi(ny) - -+ fr(n,.) for some arithmetic functions f; and integers k, r > 1,

1<y <r.

Theorem 1.2. Let k and r be two positive integers. Let F(X) and Py (X) be the same
polynomials as in (6) and (7) respectively. For 1 <i <r, let f; : N — R, be an increasing

positive function satisfying 3. )5, 1/fi(n) < 7% for some §; > 0. Then we have

(D : Z log(p1 " 'pkfl(nl) s fr(nr)) 8)

p1--prfr(ni)-fr(nr) <z Py .pkfl(nl) U fT(nr>

= (H Z f(ln)) F(loglog z)log z + O ((loglog 2)*) ;

4
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pl"'pkfl(nl)"'fy-(HT») x p1 .. 'pk.fl (’]’Ll) “ ..

(HZ filn ) Py (loglogz) + O (%) :

=1 n=1

1
(D H (1 - P 'pkfl(nl) T fr(nr>) 10)

p1-prfi(ni)- fr(ne)<z

_ €_<H;:1 ot fi(ln))Pk(loglogac)+c(k7f17“'7fr) (1 +0 ((10g log x)k_:l)) .

log x
Here the constant c(k, f1,- -+, f) in (10) depends on k and the functions f;, 1 < i <r, only.

Taking k = r and f;(n) = n® for any positive real number s; > 1, 1 <1i < k, we get the

following result of Mertens type for the products of £ monomial-prime numbers.

Corollary 3. Let sy > 1,...,s, > 1 be k positive real numbers. Let F(X) and Py(X) be as

in Theorem 1.2. Then we have

S1 Sk
pingt - peny,

S S
pinitppn,F <z

— (Hg(sl)) F(loglog z)log z + O ((loglog x)k) ;
(11)’ - 3 (Hg > Pi(loglog ) + O <%) . (12)

Sk
(I11)’ - 1T (1 —~ %) (13)
. ping' - Dy,

n
N
pin;tppnyk <z

k
_ o~ (T2 €(60)) Prlloglog ) +ehsn. - 50) (1 L0 <(1Og log ) >) _

log x

Here the constant c(k, sy, -+, sg) in (13) depends on the constants k, s1, -+, and sy.

Remark 3. On Mertens’ first theorem, notice that in the case k = 1 the error term in (3)
is better than that in (6). Due to this observation, the following result gives a more precise
estimate than (11) for & = 1: let s > 1 be a positive number, then

> 1%-5%) = ((s)logx — s¢'(s) loglog = + O(1). (1)

pnisx
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Remark 4. There are other generalizations of Mertens type theorems too. For example,
Garcia and Lee |7] recently obtained unconditional and effective number-field analogues
of the three Mertens’ theorems. In [12|, Lichtman proved an asymptotic formula for the
dissecting sum of reciprocals of numbers with exactly k prime divisors, £ > 1. We leave the

monomial-prime analogues of these results to the interested readers.

Finally, we apply (12) in Corollary 3 to compute the average and variance of the number

of distinct monomial-prime factors of integers. Let k > 2 be an integer. Let wy(n) be the

number of distinct monomial-prime factors of n of power k. That is, wx(n) =32 x, 1.
Theorem 1.3. We have
log1
S wi(n) = ¢(k)xloglogx + ((k)Ma + O (%) (15)
ogx

n<z
and

s C(k) = C(k)C(2K)
C(2k)

Z(wk(n) — ((k)loglog z) z(loglog z)* + O(xloglog x), (16)

n<x

where M s the Mertens’ constant.

Remark 5. Recall w(n) is the arithmetic function that counts the number of distinct prime
factors of n, then one may view wg(n) as an analogue of w(n). Although wy(n) is not a
multiplicative function as w(n) is, some properties of w(n) still hold with respect to wg(n).
For example, let k = 2, if there are infinitely many natural numbers n such that w(n) =
w(n +2) =1 or wy(n) = wa(n +2) = 1, then both of them would imply the famous twin
prime conjecture is true, which is still far from reach now. We do have some results on w(n)
and w(n+2), as well as wq(n) and wy(n +2), taking the same values. For example, it follows
by [8, Theorem 5| that there are infinitely many integers n such that w(n) = w(n +2) =5
and wy(n) = wa(n + 2) = 9. Also, one may think of w(n) as the limit of wy(n) as k — oo,
then letting & — oo in Theorem 1.3, we recover the following estimates on w(n) (e.g., see [6,
Theorems 3.1.1 and 3.1.2]):

Zw(n) =zloglogx + Mz + O (

n<zx

x loglog x
log



52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

and

Z(w(n) —loglogz)?* = O(xloglog z).

n<x

This paper is organized as follows. In Section 2 we introduce some interesting examples
of sets of prime numbers and some technical theorems and lemmas that will be applied later.
In Section 3 we first use the key technical tool, Lemma 2.2, to prove Theorem 1.1, and then
we apply Theorem 1.1 to prove Corollary 2. In Section 4 we prove Theorem 1.2 and Equa-
tion (14) by Lemma 2.2. In Section 5 we compute the average and variance of wg(n) in
Theorem 1.3 by applying (12) in Corollary 3 and Lemma 2.5.

Notation. The letters p, ¢, p1, ..., and p; always denote primes. We write f(x) =
O(g(x)) or f(r) < g(x) if there exists some constant C' > 0 such that |f(x)| < Clg(z)| for
all . The implied constant C' may depend on some parameters, say k, m, or . We write
f(z) ~ g(z) if im, o f(x)/g(x) = 1. As usual [a,b] is the least common multiple of a and

b, (a,b) is the greatest common divisor of a and b, and |z ]| is the floor function.

2. Nuts and bolts

In this section, we list some examples of interesting sets of prime numbers, state a theorem
on Mertens sums, and prove some lemmas that will be used in the proofs of main results.
In particular, Lemma 2.2 is the key technical tool to be frequently used in the following

sections.

2.1. Examples of subsets of primes

Let P be the set of all primes. Let S be a subset of primes and let 7g(z) = {p € S : p < x}
be the number of primes in S up to x. The following list gives several common interesting
examples of S in the literature. The asymptotic estimates on 7g(x) satisfy the assumptions

in Theorem 1.1.

1. Arithmetic progressions. Let ¢ > 2 and 1 < a < ¢ be two integers with (a,q) = 1.

Let S = {p€P:p=a (mod q)}, then by the prime number theorem in arithmetic
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progressions (e.g., see [17, Theorem II .4.1]), we have

ro(z) = —— " (1 +0 (10;)) |

1
¢(q)logx

. Chebatorev density theorem. Let K/Q be a finite Galois extension with Galois group

G = Gal(K/Q). For any conjugacy class C' C G, let

K
Sc = {p € P : p unramified, [ﬂ} = C’} )
p
where [KT/Q] is the conjugacy class of Artin symbols with respect to an unramified

prime p. Then by effective versions of the Chebotarev density theorem from Lagarias

and Odlyzko [11, Theorems 1.3 and 1.4|, we have

ol =z 1
7TSC(I)_|G|logI L+o logz ) )~

. Beatty sequences. Let o be positive and irrational of finite type. Let

Se ={p € P:p=|an] for some n € N}.

Then by the prime number theorem for Beatty sequences [1, Corollary 5.5|, we have

x 1
s (¥) = alogx (1 0 (logx)) '

. Piatetski-Shapiro primes. Let ¢ > 1 be positive and set

Se:={p € P :p=|n° for some n € N}.

Then by Piatetski-Shapiro’s work [15], we have

xt/e 1
)= iz (140 (17

for ¢ € [1,12/11).

. Primes with preassigned digits. Let ¢ > 2 be an integer and A, = {0,1,2,...,¢ — 1}.

For integers n > 0 and j > 0, let a;(n) € A, be defined by n = Z]O'io aj(n)q’. Let



74

75

76

77

78

b > 1 be an integer with g-ary expansion b = Z;‘:o bj¢’ with bo,bs,...,b, € A, and

(bo, q) = 1. For a sequence of indexes 1 <[; < --- < [,, we take
Sy = {p € P :ag(p) = bo,ar,(p) =b;,¥1 <j < r}.

Then by [10, Theorem 1], for ¢V <z < ¢™', N> 1,0<r <N, 1<l <--- <

[, < N, we have
1 T 1
=——(14+0 )
™ () v(q)q" log x ( " (bgﬂ:))

2.2. Multiple Mertens evaluations

Suppose {a,} is a sequence related to the Riemann zeta function, that is,

ag = _¢(2)7 az = QC(3>> ay = 3<<2)2 - 6<(4>7

ap =Y (=1)'Chyil(i + Dag—1—; + (=1 (k= DIC(k) (k> 4),

i=1

and C! = (V). Then we set a series of polynomials {Q;(y) : i > 0}:

Qoly) =1,Q:1(y) =y + M,
Qe(y) = (y+ M) + > Ciam(y+ M) (k> 2),

m=2

where M is Mertens’ constant.

Now, we state a theorem about multiple Mertens evaluations by Qi and Hu.

Lemma 2.1 (|16, Theorem 1.1|). For any positive integers k and s, the following evaluation

holds

k—1

lo D Al+1 . .
3 gl— - Quai(loglog ) - log™(x) + £(2) log™ ' (2)

1P ST pr =0

+0 (logsfl(a:) - (log log .CIJ)k) ,

where
k—1

= (-1 A Q-1 (loglog z) - log

=0

and the combinatorial number Al = ( ) - 1.
In (6), one may take F(X) = 31 (—1) A Qp 1 i(X).

9
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2.8. Some lemmas

Now we establish some lemmas that will be used in the proofs of our main results. In
particular, in Lemma 2.2, A and B are two expressions on some variables. For example, we
may take A = p; - - py, then py, ..., py are variables in this expression. If we take B = [a*, b¥]
or fi(ny)--- fr(n,), then a and b or ny,...,n, are variables in B. In our applications, the

variables of A and B are easy to see from their explicit expressions related to the summations.

Lemma 2.2. Let A and B be two expressions. Let g(A) be a nonnegative function on A and
h(B) a nonnegative function on B. Suppose that g(A) has the following asymptotic estimate:

> g(A) = 27 P(loglog x,log ) (1 L0 (M))

= log®(x)

for some a >0, 8 € R, andy > 0. Here P(x,y) = _, e Cuw®"y" is a finite sum of some
monomials of two variables. If h(B) satisfies Y 5 h(B)/BY < oo with the following decaying

rate

SHB)

B
B>z

for some & > 0, then we have

S g(A)(B) = (% %) 27 P(loglog 7, log ) (1 +0 <1°i1;§$) +0 (M» :

i log®(z)
(17)

If P(loglog z,log x) has no logx term, then the error term O (k’lgolT‘Ex) in (17) can be replaced
by O (10;5) .

Proof. Let £ > max {61, 6 'a}. We break the double summations up into two parts:

YogAnBY= Y WB) Y gA)+ Y h(B) Y g(4)

AB<z B<log!(z) A<z/B B>logt(x) A<z/B

= Sl + SQ.

In S;, we have B < log’(z), which implies log(z/B) = logz (1 + O (loglog x/log x)) and
loglog(z/B) =loglogz (14 O (1/logx)). Sincelog”(z/B) = log"(x) (1 + O, (loglog z/log x))

10
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and (loglog(xz/B))" = (loglog )" (1 + O, (1/logz)) for any u,v € R, it follows that

P(loglog(x/B),log(z/B)) = P(loglog x,log ) (1 +0 (1Oi§ix>) )

By (18) we obtain that

_ (2/B)" Ploglog(x/ B). log(x (loglog(z/B))"
Sl_Bg%Uh /B) P(log log(x/ B), log /B>>(1+o( a8 ))

B log = log®(x)

B<log?(z)

B
log1 log'1 B
= Z 27 P(loglog z,logx) | 1+ O 0808 T +0 (log ggl') ‘
B log z log®(z)

For S, we have

Sp< Y MB)Y g4 < 7" P(loglog 7, log x)

B>10gl(x) A<z log ( )

Combining the estimates above for S; and S5 completes the proof.

Next we prove two lemmas on Mertens-type sums.

Lemma 2.3. Letr > 1 be an integer. Let f : N" — R.q be a function satisfying #{(n, . . .

N": f(ny,...,n.) <a} is finite for any a € Ry and

for some & > 0. Then we have

log®(f(n1,...,n.))
> Z i <o

ni=1

for any 0 <n < and s > 0. Furthermore, for any 0 <n < ¢ and s > 0, we have

log®(f(nq,...,n,
3 8" (/( )

>z f(nh s 7nr)1_n

(5 M cppgtonn o) (140 (2£12) ) (10 (gl

(18)

))

(i) oo o(22) o )

(19)



Proof. By our assumptions on f, it suffices to prove (19). We write n = (nq, ...,

Since Y s, 1/ f(n) = O (z7?), we have
1
—— =0 (7).
:t<f(zn):<2x (Il) ( )
This implies that #{n : z < f(n) < 2z} = O(2x'~°) and § < 1. Then

log®(f(nq,... lo
L pamesmley ¥ i

k=0 2kz< f(n)<2k+lg

< Z log 2k+1 Z )
(n)<2

2kx< f(n)<2k+1g

- 10g5(2k+1x)
£ (kg

I L s

. (zkx)lfé

e 9k(6—n)
log(2¥1) log z)°
n—a4 (
< kz_; k(1)

so  which completes the proof.

Lemma 2.4. Let f; : N = R>; be an increasing positive sequence satisfying Zf

% for some §; >0, 1 <i <r. Then we have

1 )
2 ey hmy €°

fi(na)-fr(np)>w

o for some d > 0.

Proof. Indeed, notice that Y~ 1/fi(n) < oo for each 1 <1i < r. We have

1
2 filna) -+ fr(ny)

fi(na)-fr(ny)>am

n,) € N".

]

y5o 1/ fi(n) <

(20)

1 1
- 2 Rl fom) 2 JACHE

fi(na)-fr(ne)>a” Ji(na)-fr(nr)>a”
fi(na) fr—1(np—1)>2" "1 fi(na) fr—1(np—1)<z" !

12

o fr(nr)



1
= 2 fi(na) - ) 2 filn f (n,)
f1(n1)~--f,«,1(nr71)2x7'*1 T 7" f’l( r)> T T
1 1
R fi(na)- fr—1(np_1)>z71 fl (nl) o fril(nrfl) (; fT(nT))
1 1
oz [
N1y M1 hi (77,1) o fr_l(nr_l) fr(nr)>x fT(nT)
1 4
<< + x_ i
fl(nl)"'fr—l%r—l)>xr—1 fi (nl) T fT—l(nT—1>

x_dl + e _I_ l'_(sT?

a1 where the last line above holds by induction on r. Thus, we may take 6 = r~! min {dy,...,0,}
o2 for (20). This completes the proof. O
03 The following two lemmas will be applied in the study of the average and variance of

94 Wi (ZL")
Lemma 2.5. Let k > 2 be an integer. Then we have

S R ()
ZZ ak bk - C(Qk?) (21)

a=1 b=1

Proof. Set d = (a,b), a = da’,b = dV', then we get [a*, b*] = d*a’*b’*. Tt follows that

oo 0o 0o o0 00 0o 00 1
Z Z ak bk Z Z Z dF ’kb’k - C(k) Z Z a'kpk (22)
a=1 b=1 d=1 a(’ ll;’ 0{21 l;’:l

a’,b')=1 a’ b)=1

Now, we compute the square of ((k) as follows:

oo o0 o0

—x ! R
Z::; akbk Z Z Z d2ka/kb/k = ((2k) Z Z aRk

d=1a'=1b'= a’'=1b=1
(=1 (a' b)=1

This implies that

(k
ZZ o = 23)

a'=1b=
(a’,b)=

s Then (21) follows by plugging (23) into (22). O

13
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For the tail of the double series in (21) we have the following bound.

Lemma 2.6. For any ¢ > 0, we have

[ak bk >z

Proof. By |9, (1.81)], we have 73(n) < n°. Then we have

1 1 5(1 E
Z [akzbk]: Z ﬁ<ZTi—i)<Zﬁ<xl+k+~

[ak bk >z ’ 1k>x [ak bk]=1k k> I>z1/k

3. Proofs of Theorem 1.1 and Corollary 2

In this section we prove Theorem 1.1 and Corollary 2. Indeed, if we take A = p, B = f(n),
g(A) = 15(p), and h(B) = 1 in Lemma 2.2, where 1g is the indicator function on S, then
Theorem 1.1 follows immediately. Therefore, it suffices to prove Corollary 2, in which we

apply Theorem 1.1.

Proof of Corollary 2. Using the fact that primes are asymptotically equi-distributed in the
reduced residues mod 10, we calculate the asymptotic estimates for CP Numbers ending in
1 as follows. We have the following four cases: when p =1 (mod 10), we require a® to end
in 1, thus a is congruent to 1 modulo 10; when p = 3 (mod 10), we require a® to end in 7,
thus a is congruent to 3 modulo 10; when p = 7 (mod 10), we require a® to end in 3, thus
a is congruent to 7 modulo 10; and finally when p = 9 (mod 10), we require a® to end in
9, thus a is congruent to 9 modulo 10. From the definition of CP Numbers, we know that

a > 1. Therefore, the number of pairs (p,a) such that pa® =1 (mod 10) with pa® < x is

#{(p,k):p=1 (mod 10), p(10k +1)* <z, k > 1}

+#{(pk):p=3 (mod 10), p(10k + 3)* <z, k > 0}
+#{(p,k) :p=T7 (mod 10), p(10k +7)> <z, k >0}
+#{(p,k):p=9 (mod 10), p(10k + 9)* < z, k > 0} .

14
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Then from Theorem 1.1, we have

#{(p, E):p=1 (mod 10), p(10k +1)* <z, k > 1}

(¢(315) ).

T (53,
4000 log 10

7
- C 37 In |0
4000 log = 10

[e.e]

4logz &~ (10k + 1)~ 4000log =

Similarly, we obtain

#{(p.k) :p=3 (mod 10), p(10k +3)* <z, k >0} ~

# {(p, k):p=7 (mod 10), p(10k +7)* <z, k > ()} ~

and

T 9
p = 1 1 3 < > ~—_— — .
4{(pk):p=9 (mod 10), p(10k +9)* < z, k > 0} 400010gx<(3, 10)

Hence the asymptotic formula (2) holds by adding these four asymptotic estimates up. [

4. Proofs of Theorem 1.2 and Equation (14)

In this section we prove Theorem 1.2 and Equation (14), in which we frequently apply

Lemma 2.2.

4.1. Proof of Theorem 1.2

First, we prove (8). We write the partial sum in (8) as two parts:

Z log(pr -~ prfi(na) -~ fr(ny))
p1prfi(n1) - fr(ne) <z p1-- pkfl(nl) ce fr(nr)

- ¥

p1-prf1(n1)-fr(ny)<z
+ >
p1prf1(n1)- fr(ny)<z

= 53 + 54.

log(p1 -~ - px)
p1---pefi(na) - fr(ng)

log(fi(n1) - -+ fr(n,))
P1-- ‘pkfl(nl) s fr(nr>

15



108

109

110

For S3, we take A = pips---pp, B = fi(m)fa(n2) -+ fr(n,), g(A) = (log A)/A, and
h(B) =1/B in Lemma 2.2. Combining with (6) and Lemma 2.4, we have

(H Z o ) F(loglogx) - logz + O ((log log x)k) : (24)
i=1 n=1""

For Sy, we take A = p1pa---pr, B = fi(ny) fa(ng)--- fr(n,), g(A) = 1/A, and h(B) =
(log B)/B in Lemma 2.2. Combining with 7, Lemma 2.3, and Lemma 2.4, we get

- IOg fl nl fr(nr)) 1
Z Z fl nq fg TLQ fr(nr) ' Pk(10g10g17> (1 + O (loglog;p . 10gl‘)>

i=1 n;=1

=0 ((log log x)k> . (25)

Combining (24) and (25) together gives the desired formula (8).

Similarly, if we take A = py---px, B = fi(n1)--- fr(n,), g(A) = 1/A, and h(B) = 1/B
in Lemma 2.2, then by Lemma 2.4 we immediately obtain (9).

Finally, we use (9) to prove (10). Let

Vir(2) = 11 | (1_pl...pkfl(il)---fr(m))'

p1-prf1(n1)-fr(ny) <z

After taking logarithm, we have

1
—log Vi (z) = Z — log (1 T pefiln) - fo(nn) < x)

p1-prf1(n1)- fr(ne)<z

1
= Z Z cpefi(na) - fr(ng))t

p1pefi1(n1) fr(ny)<z t>1

1
- Z pl"'pkfl(nl)"'fr(nr)

p1e-prfi(na)-fr(ne)<z
1

cprfi(ng) - fr(nr))t'

+

p1-prfi1(ni)-fr(ne) <z t>2

By our assumptions on the functions f;, 1 < i < r, the tail in the second sum satisfies

1
D D PASSTg X (R B X PR

p1--prf1(ny)- fr(ng) >z t22

1
< Z (p1---prfi(ny) - - - fr(ng))?

p1-prf1(n1)-fr(ne)>x

16



1 1
<Y S+ 2 () ()

, b1 L (m1
p1>x2 p2--prfi(ni) - fr(ng)2>z2
<< ......

k 1 r 1
=SB DTS DI PR
i=1 L Pi j=1 1 J

pi>x 2t fi(nj)>z2k+i
Lx ©

for some constant € > 0. Therefore, by (9) we obtain

k
log Vi (o (HZf )Pkloglogm i oo 1)+ 0 (LB

i=1 n=1
for some constant c(k, fi,---, f;) that depends on k and the functions f;, 1 < i < r.
Therefore, we know
T oo k
Vi () = e~ (e D2 7t ) Pelogloga) ek i - £1) (1 +0 (—UOg log z) )) .
’ log x
111 We have finished the proof of Theorem 1.2.

w2 4.2. Proof of Equation (14)
The proof of Equation (14) is similar to that of (8). We write

3 log(pn*) S °) _ -y logp 5 log(n*) _ g 4 s,

mn n® ns
pns<x p pns<x p pns<x p

For S;, we take A = p, B = n®, g(A) = (logA)/A, and h(B) = 1/B in Lemma 2.2.

Combining with Mertens’ first theorem, we obtain
S5 = ((s)logz + O(1). (26)

For Sg, we take A = p, B =n*, g(A) = 1/A, and h(B) = (log B)/B. Notice that

Z log(ns) — —SCI(S>.

nS

n=1

From Mertens’ second theorem, similar to the argument of Lemma 2.2, we obtain
Se = —s('(s)loglogz + O(1). (27)

17



Combining (26) and (27), we obtain

> Lgw) _ = ((s)logz — s((s) loglog z + O(1),

s
pns<zx pn

us  which completes the proof of Equation (14).

s 5. Proof of Theorem 1.3

115 In this section we prove Theorem 1.3 by applying (12) in Corollary 3.

5.1. Proof of Equation (15)

1

=
[=)]

By definition, we have wy(n) =>_ x, 1. Then

D wr(m) =3 > 1

n<x n<x pmk|n

=2 2!
pmbk <z n<z/pmk

xr
- 3 |

pmk <z

_z2—+0 Yo (28)

mk<z pmk<z

On the one hand, from (12) we know

> Lk = (k) (loglogz + M) + O ( (29)

log log x
pm '

log x

pmk<z

On the other hand, by Theorem 1.1 we have

Z b~ logx (30)

pmk<z

Combining (28), (29), and (30), we get

S () = (k) oglog + ()M + O

n<x

x loglog x
log ’

uz  which completes the proof of Equation (15).

18



us  5.2. Proof of Equation (16)

We first compute the second moment of wy(n). It is easy to see

D wkm =3 > > 1

n<x n<x pak|n qbk|n

=22 2!

pak<z qgbk<zx n<z
k k
pa”|n,qb®|n

-2 2 ]

pak<x qgbk <z

1
BN Rl WD S

[pak ,gbk]<z [pak ,gbk]<z
=x- 57 + Sg.
For the sum S7, we will prove
¢ (k) >
S7 = log1 O (log1 . 31
1= g losloza)” + O (loglog.) (31)

Lemma 2.5 and Mertens’ second theorem imply

1 1
2 [pa*, qb*] — 2 plak, b*]

p=q,[pa¥ qb¥|<z plak bk <z

1 1
S 2 Ry

[ak bk]<z - p

< loglog x.

So we only need to consider the terms with p # ¢. In the sum

1
S = -
! 2 [pa*, qb*]’

p#q,[pak,qb*|<z

we let a = p°'¢®a; and b = p/iq/2b;, where (a1,pq) = (b1,pq) = 1. Then [pa*,qb*] =
plq"ak, bY], where g = max {ke; + 1,kf;} > 1 and h = max {kes, kfs + 1} > 1. Next we

19



discuss the contributions of the terms according to their ey, es, f1, and fy values. If e > 1,

then [pa®, qb*] > p3qlal, b%], and thus
R I IED I WP
p#q,[pak ,qbF|<z,e1>1 q<:r = a1=1b;=
If fi > 1, then [pa®, qb*] > p*qla, b}], which implies
2 W 1 <2y Z ZZ @ bk < loglog .
p#q,[pak,qb*]<z,f1>1 ’ q<x p=1 a1=1b; —1
Similarly, for the terms with e > 1 or fo > 1, we also have

1
Z ——— = O (loglog x)

k_ obk
otz D000
p£qe2>1 or f2>1

(32)

(34)

Noting that e; = ey = fi = fo = 0 implies [pa®,qb*] = pqla},bk], we can combine the

estimates (32), (33), and (34) to obtain

1
/ = —
Sy = E palah ] + O (loglog x) .
pyla® bF]<z
p#4,(a,pq)=(b,pq)=1
In fact, we can remove the constrains p # ¢ and (a, pq) = (b, pq) = 1 in S, since

1 1
Zmzzm

pglak b¥|<z,p=q p2[a®, bk]<;p

< Z > bk
p<ac [ak, bk]<m
< 400,
1 1
2 pglak, b 2 pFHiglak /pk, bk [ pF]

prtigla® /pk bk /pk]<a

<Y om Y mwl;

p<x [ak bk])<z q<:1: q

pgla® bF|<z,p£q
pla,plb

< loglog z,

20



and

1 1
- < loglog x.
P(I[akvéw,p;ﬁq pala*, ¥ p’““q[a’“/%k]ém,p;ﬁq PFalat /vt 0]
p|a,pj[b p|a,pfb

Therefore, we have proved

1
= —_— log 1 .
Sz E Dol b + O (log log )

pqlak bk <z

1o Now Equation (31) holds when we apply Lemma 2.2 with A = pq, B = [a*,b*], g(A) = 1/A,
20 and h(B) = 1/B, Lemma 2.5, and Lemma 2.6.

By similar arguments we can prove
Ss = O (zloglog ). (35)

From (31) and (35) we know

Z wi(n) = (égx (loglogz)* 4+ O (zloglog z) . (36)

n<x

Combining (36) and (15), we obtain

Z (wi(n) = ¢(k) loglog z)”

=" win) — 2(k) loglog.z - Zwk + ¢3(k)z (loglog x)°
- Eéiix (loglog x)* — 2¢*(k)x (log log x)° + ¢*(k)x (loglog 2)” + O (w log log z)

122 which completes the proof of Equation (16).
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